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Abstract 

We find a one-parameter family of polynomial Hamiltonian system in two variables with W{A\^)- 
symmetry. We also show that this system can be obtained by the compatibility conditions for the 
linear differential equations in three variables. We give a relation between it and the second member 
of the second Painleve hierarchy. 
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1 Introduction 

In this paper, we find a 1-parameter family of total differential system in two variables t, s 

dx — {—2xp — ao)dt + (—2xz — 2aow)ds, 
dy ={2yp + a\)dt + (2yz — 2a%q)ds, 

dz = ( — - — J dt + (—xq + yw — 2p)ds, 

dw —{z — 2wp)dt + (— 2xp — 2ciq — a\)ds, 
dq ={z + 2qp)dt + (2yp + ao + 2cti)ds, 

*-(=±s)* + (=±s)*. 

where the constant parameters a, satisfy the relation ao + «i = 1. 

In next theorem, we show that this system satisfies the compatibility conditions, and we can characterize 
this system by the following holomorphy conditions ro , ri . 

Theorem 1.1. Let us consider a system of first order ordinary differential equations in the polynomial 
class: 

^ = fi(x,y,z,w,q,p), . . . , = f 6 (x,y,z,w,q,p) fa £ C[x,y,z,w,q,p\ (i = 1,...,6). 
We assume that 

(Al) deg(fi) = 2 with respect to x,y, z,w,q,p. 

(A2) The right-hand side of this system becomes again a polynomial in each coordinate system (i — 
0,1): 

ro ■ = ~(xp + a )p, yo = V ~ 4zp + Awp 2 , z = z - 2wp 7 w = w, q =q-2p 2 7 p = 



r 1 :x 1 =x + Azp + Aqp 2 , y x = -(yp + ai)p, z 1 = z + 2qp, w x =w + 2p 2 1 q\=q, Pi = -- 
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Then we can obtain two systems: 



f dx 

dt 
dy 

dt 

dz x + y 

~dt ~ 2 
dw 

~dt 

dq 

dt 

dp w + q 
I ~dt ~ 2 



- 2xp - a , 
2yp + ai, 



=z — 2wp, 
—z + 2qp, 



and 



dx 
ds 
dy 

ds 
dz 

ds 
dw 

ds 
dq 

ds 

dp x + y 



— 2xz — 2aou>, 
2yz — 2a.\q, 
2yz — 2a>iq, 

— 2xp — 2ao — oli, 
2yp + a + 2ai, 



\ ds 2 

These two systems satisfy the compatibility conditions: 

d dx d dx d dy d dy d dp d dp 
ds dt dt ds ' ds dt dt ds' ' ds dt dt ds 

We remark that these transition functions in vq , r\ satisfy the condition: 

dxi A dyi A dzi A dwi A dqi A dpi = dx A dy A dz A dw A dq A dp (i = 0, 1). 



(2) 



(3) 



(4) 



(5) 

Theorem 1.2. The system ([T]) admits the extended affine Weyl group symmetry of type A^-p as the 
group of its Backlund transformations, whose generators Sq,Si,tt defined as follows: with the notation 
{*) ■= (x,y,z,w,q,p;a ,ax): 



so ■ 0) 



si : (*) 



x,y- 



4a z AolqW 2a w 4a p 2ai a , „ , 
1 — ,z-\ ,w,q-\ 1 £-,p-\ ;-a ,ai +2a , 

X X X z X 



X X 
„2 



4qiz 4afq 



-,y,z 



2a.\q Aa\p 2a\ 



Oil 



y t y 

77 '■ (*) -* {—Vi -Qi —P\ a\,a ). 



I) 



—o~, Q,P-\ ; "o + 2ai, -ai , 



y 



V 



2 Lax pair for the system 

In this section, we show that the system ([1} can be obtained by the compatibility conditions for the linear 
differential equations of second order in three variables T,t,s 



and 



Td T u = A(T,t)u, d t u = B!(T,t)u, 



Td T u = A{T,s)u, d s u = B 3 (T,s)u. 



(G) 
(7) 
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The matrices A(T,t), B\(T,t) and B 3 (T,s) are explicitly given by 



-A(T,t) = 
B 1 (T,t) = 
B 3 (T,s)-- 



£1 y 

£ 2 

v -i 

-p 

£ 1 

4 2 

° -! 



+ 



2z 4g 
-x -2z 



T + 



Aw -8p 



T + 





-8 



+ 




-1 



P -1 

"f -P 



T 




-1 



Here, the matrices A(T,t),B\(T,t) and B 3 (T,s) depend on t,s, and £j are constant parameters. 
At first, by the compatibility conditions 

d t (A(T,t)) - Tdr(Bi(T,t)) + [A(T, t),Bi(T, t)] = 

for the linear differential equations in two variables T, t 

Td T u = A(T, t)u, d t u = B x (T, 

we can obtain the non-linear ordinary differential system in the variable t 

( dx 



dt 
dy 

dt 

dz x + y 



-2xp - 1 + £i - £2, 
2yp + S! - £ 2 , 



2 ' 
-2wp + z, 

^ = 2qp + z, 



where £j satisfy the relations 



dt 
dw 

~dt 
dq 

di 

dp w + q 
I dt ~ 2 ' 

a a = —E\ + £ 2 + 1 , 

Oil = £i — £2- 



Next, by the compatibility conditions 

d s (A(T, s)) - Td T (B 3 (T, s)) + [A(T, s),B 3 (T, s)} = 
for the linear differential equations in two variables T, s 

Td T u = A(T,s)u, d s u = B 3 (T,s)u, 
we can obtain the non-linear ordinary differential system in the variable s 

( dx 



ds 

dy 

ds 

dz 

ds 
dw 

ds 
dq 

ds 

dp x + y 
k ds ~ 2 



—2xz — 2(1 — £i + S2)w, 
2yz - 2(£i - £ 2 )<7, 
-xq + yw - 2p, 

~2xp - 2(1 - £i + £2) - (ei - £2), 

2 2 / 2 7+(l-£i+£ 2 ) + 2(£ 1 -£ 2 ), 



3 Polynomial Hamiltonian system 

In this section, we show that the system ([T]) is equivalent to the polynomial Hamiltonian system in two 
variables t,s. At first, we show that the system ([1]) has two first integrals. 

Proposition 3.1. This system |T]) has its first integrals: 

{ w - q + 2p 2 + 3s =Ci, 



1 8sp 2 + 4zp - 2wq + x - y + Asw - Asq + t + 6s 2 =C 2 , {C U C 2 <E C). 
Theorem 3.1. The transformations 

' <7i =P, 
Pi =x, 
q 2 =z - 2wp, 
p 2 =w 

take the system (|TJ) to the polynomial Hamiltonian system in two variables t, s 



dqi 
dpi 
dq 2 
dp2 



-dt + — — -ds. 



dpi 
_ dlh 

dqi 
dHi 



dpi 
dt — -ds, 



dp2 
_ dlh 

dqi 



dqi 

dt + — — -ds, 



dp 2 

dt Tr-^-ds 

oq 2 



with the polynomial Hamiltonians (cf. [2]) 



(16) 



(17) 



(18) 



3 C ( 
Hi =q\pi + -spi - — pi + a qi - p\ + (C x - 3s)p 2 + ( -3s 2 + 2C*is 

H 2 =^ - \{C 2 - ACis + 6s 2 - t)pi + (2a + a x )q 2 

- pip\ + 2q\pip2 + 2qipiq 2 + 2a qip 2 + (Ci - 3s)pip 2 . 



9i 

2 



P2 



<l2 



PlP2, 



(19) 



Recently, H. Kawamuko showed that this system can be obtained by the monodromy preserving defor- 
mations of half-integer type equation L(7/2, 1) (see [4]). 
The relations between x, y, z, w, q,p and Qi,pi, q 2 ,p 2 are given by 



(20) 



x =pi, 

V =^q\P2 - 2p 2 + Aqiq 2 + 2Cip 2 ~ 6sp 2 + Pi - 6s 2 + 1 + 4C lS - C 2 , 
Z =q 2 + 2qip 2 , 

W =P2, 

q=2q 2 1 +p2 + 3s-Ci, 
, P =Qi- 

Setting Ci = 0, C 2 = 0,s = and a$ := \ — a 2 in the Hamiltonian H\, we can obtain the Hamiltonian 
in the variable t given by [5] . This Hamiltonian system is equivalent to the second member of the second 
Painleve hierarchy (see [5]) 



P. 



(2) 



II 



du 

^ = 10m ( — ) +10u 2 ^ -6u 5 + tu + a 2 (a 2 G C). 



dt 



dt 2 



(21) 



4 



4 Symmetry and holomorphy of the system ( TTST ) 



Theorem 4.1. The system (|18p admits the extended affine Weyl group symmetry of type A± as the 
group of its Bdcklund transformations, whose generators So,Si,ir defined as follows: with the notation 
(*) ■= (qi,Pi,q2,P2,t,s;a Q ,a ): 

so ■ 0) ->• (qi + jr,Pi,q2,P2,t,s;-a ,ai + 2a ^j , 

, x , . 01 4 Ql ( g2 + 2 gl p 2 ) 4g 2 (p 2 + 2g 2 -(C 1 -3s)) 
si : (*) — ^(gi + — ,pi j 1 72 ' 



/l /l A 

2ai(2p 2 -2g2-(C 1 -3s)) 12a? ft , 4a? Aa iqi 2a 2 

<72 7 1 72 1" ~?T'-P2 7 TT'^ 5 ;"" + 2«i - ( 

Jl Ji Jx Jl 7l 

: (*) —> (—Qi, ~fi, -fa + Mi(qf +P2) ~ 2(Ci - 3s)qi), ~(p 2 + 2qf - d + 3s), t, s; ai, a ), 



where / := pi and /1 := pi + 4qfp 2 - 2p\ + Aq x q 2 + 2(d - 3s)p 2 - C 2 + ids - 6s 2 + t. 

We note 
system: 



We note that the Backlund transformations of this system satisfy the universal description for A^-p root 



1 / \ 2 



Si(5)=5+^{/»,9} + ^ ( -7; J {/*,{/*,<?}} + ••• (9eC(M)fe,ft,?2,fc]), (22) 
where {p,, <?,,■} = and {pi,p,} = {qi,q 3 } = 0. 

Theorem 4.2. Let us consider a polynomial Hamiltonian system with Hamiltonian H G C(f, s)[<7i,pi, 92, P2] 
We assume that 

(Al) deg(H) = 5 with respect to qi,pi,q 2 ,p 2 . 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate f{ (i — 0, 1): 
fo : {xo,Vo,Zo,w ) = ( — ,-(q 1 fo + a )q 1 ,q 2 ,p 2 

fx : (x 1 ,y 1 ,z 1 ,w 1 ) = ( — , -(qifi + a 1 )q 1 ,q 2 + 4gi(<7 2 + p 2 ) - 2(d - 3s) qi ,p 2 + 2q\ 

Then such a system coincides with the Hamiltonian system (|18[) with the polynomial Hamiltonians H\ , H 2 . 
We note that the conditions (A2) should be read that 

r (H), ro(H-gi), 

n(H), n(H + 8ql + 6q lP2 - 4(d - 3a)gi) 
are polynomials with respect to q\,p\,q 2 ,p 2 . 

5 Particular solutions 

In this section, we study a solution of the system (|18p which is written by the use of known functions. 
By the transformation tt, the fixed solution is derived from 

a = ai, gi=-<?i, Pi = 

q 2 = -(q 2 +4q 1 (q 2 +p 2 )-2(C 1 -3s)q 1 ), p 2 = -(p 2 + 2q\ - d + 3s). 



Then we obtain 



,„ -2t + 3s 2 -2ds-C 2 + 2d n Ci-3s 1 l\ 
(qi,Pi,q2,P2;a ,a 1 ) = [ 0, ,0, ; -, - ) (24) 



as a seed solution. 
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